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m-SUSPENSIONS OVER RIGID VARIETIES
VIKTORIA BOROVIK AND SERGEY GAIFULLIN
Abstract. We obtain a criterium for an m-suspension over a
rigid variety to be rigid (for every rigid variety and every reg-
ular function). Also we investigate the automorphism group of
m-suspensions satisfying this criterium.
1. Introduction
Let K be an algebraically closed field of characteristic zero and Ga be
its additive group. Assume X is an affine algebraic variety over K. One
of approaches to investigate the group of regular automorphisms of X
is to study Ga-actions on X . Usually the group Aut(X) of regular au-
tomorphisms of an affine variety X is not a finite-dimensional algebraic
group. Sometimes this group is rather huge and it is impossible to give
an explicit description of this group. For example, if dimX ≥ 2 and X
admits a nontrivial Ga-action, then Aut(X) is not finite-dimensional.
Therefore, it is natural to consider the class of rigid varieties. Let us
remind that a variety is called rigid if it does not admit any nontrivial
Ga-actions. Sometimes we say that an algebra is rigid if it does not
admit any nontrivial Ga-actions.
In some sense the case of rigid variety is the opposite case of flexible
variety, see [3]. For flexible varieties there exists a way to obtain many
flexible varieties from a given one X . We can consider suspensions over
X , i.e. sub varieties in K2 × X given by uv = f , where u and v are
coordinate functions on K2 and f is a non-constant regular function on
X . A suspension over a flexible variety is flexible, see [2].
It is natural question if we can obtain many rigid varieties from one
given by the same or some similar construction.
Definition 1. Let f be a non-constant regular function on an affine
variety X . Fix positive integers k1, . . . , km. By m-suspension over X
we mean the subvariety in Km × X given by yk11 , . . . , y
km
m − f , where
y1, . . . , ym are coordinate functions on K
m. This variety we denote
Susp(X, f, k1, . . . , km).
For m = 1 the concept of m-suspension coincide with adjoining of
roots of f . There are some papers about this case see, for example, [6].
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We are interesting in the following question. For which k1, . . . , km if
X is rigid then Susp(X, f, k1, . . . , km) is rigid. It occurs that this is true
if and only if gcd(k1, . . . , km) = 1, see Theorem 1. For an m-suspension
Y with gcd(k1, . . . , km) = 1 over rigid varieties X we investigate if
Aut(Y ) can be much bigger than Aut(X), see Theorem 2.
2. Derivations
Let A be a commutative associative algebra over K.
Definition 2. A linear mapping ∂ : A → A is called derivation if it
satisfies the Leibniz rule: ∂(ab) = a∂(b) + b∂(a).
A derivation is called locally nilpotent (LND) if for any a ∈ A there
is n ∈ N such that ∂n(a) = 0.
A derivation is called semisimple if there exists a basis of A consisting
of ∂-semiinvariants (that is a ∈ A, ∂(a) = λa).
Exponential mapping gives correspondence between LND and sub-
groups in Aut(A) isomorphic to the additive group (K,+), and be-
tween semisimple derivations and subgroups in Aut(A) isomorphic to
the multiplicative group (K×, ·).
Let F be an abelian group.
Definition 3. An algebra A is called F -graded if
A =
⊕
f∈F
Af ,
and AfAg ⊂ Af+g.
Definition 4. A derivation ∂ : A → A is called F -homogeneous of
degree f0 ∈ F if ∀a ∈ Af , ∂(a) ∈ Af+f0 .
Definition 5. [4, Definition 2.1] A derivation ∂ : A → A is called
locally bounded if any element a ∈ A is contained in a ∂-invariant
linear subspace V ⊂ A of finite dimension.
It is easy to see that all semisimple derivations and all LND are
locally bounded.
Each LND ∂ induces the function ν∂ : A \ {0} → Z≥0 ∪ {−∞} given
by
ν∂(a) = min{n ∈ Z>0 | ∂
n(a) = 0} − 1, for a 6= 0, ν∂(0) = −∞.
By [5, Proposition 1.9] ν∂ is a degree function, i.e.{
ν∂(f + g) ≤ max{ν∂(f), ν∂(g)};
ν∂(fg) = ν∂(f) + ν∂(g).
Let A be a finitely generated Z-graded algebra.
Lemma 1. Let ∂ be a derivation, then ∂ =
∑k
i=l ∂i, where ∂i is the
homogeneous derivation of degree i.
3Proof. Let a1, . . . , am be generators of A. Then
∂(aj) =
kj∑
i=lj
bi,
where bi ∈ Ai. We can take l = min{l1, . . . , lm}, k = max{k1, . . . , km}.
Using the Leibniz rule we obtain
∀a ∈ Aj ∂(a) ∈
k⊕
i=l
Aj+i.
So we have ∂ =
∑k
i=l ∂i, where ∂i : Aj → Aj+i is a linear mapping. The
Leibniz rule for ∂j follows from the Leibniz rule for ∂. 
Remark 1. Further when we shall wright ∂ =
∑k
i=l ∂i, we shall assume
that ∂l 6= 0, ∂k 6= 0.
Lemma 2. (See [?] for (1) and [4, Lemma 3.1] for (2)) Let A be a
finitely generated Z-graded algebra. Let ∂ : A→ A be a derivation. We
have ∂ =
∑k
i=l ∂i, where ∂i is the homogeneous derivation of degree i.
Then:
1) If ∂ is LND then ∂l and ∂k are LND.
2) If ∂ is locally bounded then if l 6= 0, ∂l is LND, and if k 6= 0, ∂k
is LND.
Corollary 1. If A admits a LND, then A admits a Z-homogeneous
LND.
Let F ∼= Zn. Assume A is F -graded algebra. Applying the result of
Corollary 1 n times we obtain the following corollary.
Corollary 2. The algebra A admits a LND if and only if A admits a
F -homogeneous LND.
Let A = K[X ] be the algebra of regular functions on an affine al-
gebraic variety X . Then Zn-gradings on K[X ] are in bijection to ac-
tions on n-dimensional algebraic torus T = (K×, ·)n on X . If we have
Zn-homogeneous derivation on K[X ], we shall call it T -homogeneous
derivation.
Let A be an F -graded algebra, where F ∼= Zn. Then
A =
⊕
f∈F
Af .
Let π : F → S be surgective homomorphism onto S ∼= Zk. Then A can
be considered as S-graded algebra. That is
A =
⊕
s∈S
As, where As =
⊕
pi(f)=s
Af .
Lemma 3. Assume ∂ is a F -homogeneous derivation of degree f0 then
∂ is a S-homogeneous derivation of degree s0 = π(f0).
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Proof. Let a ∈ As. Then
a =
∑
pi(f)=s
af ,
where af ∈ Af . We have: ∂(a) =
∑
(∂(af )). Since ∂ is F -
homogeneous, ∂(af ) = bf+f0 ∈ Af+f0 . But
π(f + f0) = π(f) + π(f0) = s+ s0.
So, ∂(a) ∈ As+s0. 
Definition 6. An affine algebraic variety X is called rigid if its algebra
of regular functions K[X ] does not admit any LND.
3. Adjoining of roots
In this section we investigate situation of adjoining a root of a regular
function of a rigid variety. Our goal is to prove the following theorem.
Proposition 1. Let n ≥ 2 be an integer. There exist a rigid va-
riety X and a regular function f ∈ K[X ] such that the algebra
A = K[X ][y]/(yn − f) is not rigid.
Proof. Fix a prime divisor p of n. Firstly we suppose that p ≥ 3. Let
us denote by ε1, . . . , εp ∈ K all roots of unity of degree p. In (p + 3)-
dimensional affine space we consider the variety Yp given the following
two equations:{∏p
i=1
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
= z2;
yw = 1.
Let us denote the left side of the first equation by
F (x0, . . . , xp−1, y) =
∑
fi0,...,ip−1,jx
i0
0 . . . , x
ip−1
p−1 y
j.
Each coefficient in fi0,...,ip−1,j is a symmetric polynomial in ε1, . . . , εp.
Each symmetric polynomial is a polynomial in elementary symmetric
polynomials σ1, . . . , σp. It is easy to see that
σ1(ε1, . . . , εp) = 0;
...
σp−1(ε1, . . . , εp) = 0;
σp(ε1, . . . , εp) = (−1)
p+1.
Therefore, if j is not divisible by p, then fi0,...,ip−1,j = 0. That is
F (x0, . . . , xp−1, y) = G(x0, . . . , xp−1, y
p).
5Let us prove that the variety Yp is not rigid. To do this we define a
locally nilpotent derivation ∂ such that

∂(y) = ∂(w) = 0;
∂(z) = yp−1
∏p
i=2
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
;
∂
(
x0 + ε1x1y + ε
2
1x2y
2 + . . .+ εp−11 xp−1y
p−1
)
= 2zyp−1;
∂
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
= 0, for i ≥ 2.
These conditions give linear equations on
∂(x0), ∂(x1)y . . . , ∂(xp−1)y
p−1. The determinant of this sister is∣∣∣∣∣∣∣
1 ε1 . . . ε
p−1
1
...
...
...
...
1 εp . . . ε
p−1
p
∣∣∣∣∣∣∣ 6= 0.
Hence, these conditions admit the unique solution ∂ 6= 0. It is easy
to see that ∂(F ) = ∂(z2) and ∂(yw) = ∂(1) = 0. That is ∂ is
a derivation of K[Yp]. Also it is easy to see that ∂
2(z) = 0 and
∂3
(
x0 + ε1x1y + ε
2
1x2y
2 + . . .+ εp−11 xp−1y
p−1
)
= 0. This implies that
∂ is locally nilpotent.
If we put y = u
n
p , then we obtain a new variety Y . Since ∂(y) = 0,
the derivation ∂ induces a locally nilpotent derivation of K[Y ].
Now let us put s = yp. We obtain a new variety X given by{
G(x0, . . . , xp−1, s) = z
2;
swp = 1.
Let us prove that X is rigid. Suppose there exists a locally nilpo-
tent derivation δ 6= 0 of K[X ]. Let us define a Z-grading on K[X ] by
deg(xi) = 2, deg(z) = p, deg(s) = deg(w) = 0. Since K[X ] admites
a nonzero locally nilpotent derivation, it admites a nonzero homoge-
neous locally nilpotent derivation ρ, see Corollary 2. Since s and w are
invertible, we obtain ρ(s) = ρ(w) = 0, see [5]. Therefore, ρ induses a
locally nilpotent derivation of K[Yp]. If deg(ρ) is even, then z | ρ(z).
Hence, ρ(z) = 0. But Ker ρ is factorially closed. Therefore, for every i
we have
ρ
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
= 0.
This implies ρ = 0. A contradiction.
Now let deg(ρ) be odd. Then z | ρ2(z), that is ρ2(z) = 0. Hence,
νρ(z) = 1. Therefore νρ(F ) = νρ(z
2) = 2. Since
deg
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
= 2
and 2 ∤ deg(ρ), we have either
ρ
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
= 0
or
z | ρ
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
.
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That is either
νρ
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
= 0
or
νρ
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
≥ 2.
But νρ(F ) = 2. Therefore, there is k such that for all i 6= k we have
ρ
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
= 0.
This implies that the following functions are proportional:
ρ(x0), yρ(x1), . . . , y
p−1ρ(xp−1). But ρ is a derivation of K[X ].
Therefore, the coefficient of proportionality belongs to K[X ]. This
implies that only one among ρ(x0), yρ(x1), . . . , y
p−1ρ(xp−1) can be
nonzero. But since
ρ
(
x0 + εix1y + ε
2
ix2y
2 + . . .+ εp−1i xp−1y
p−1
)
= 0,
we obtain ρ = 0. A contradiction.
So X is a rigid variety. But the algebra K[Y ] can be obtained from
the algebra K[X ] by adjoining a root of s of degree n. And Y is not
rigid. This gives the goal.
Now we consider the case p = 2, i.e. n = 2k. By [6, Theorem 9.1]
the variety X = {x2 + y2s3 + z3 = 0} is rigid. But by [6, Remark 9.2]
the variety Y = {x2 + y2u6k + z3 = 0} is not rigid. 
4. m-suspensions
In this section we investigate automorphisms of m-suspensions of
rigid varieties. First of all we obtain a criterium of an m-suspension
Susp(X, f, k1, . . . , km) to be rigid for every X and f . Then we inves-
tigate automorphism groups for such m-suspensions that satisfy this
criterium.
We need the following lemma, see [7, Lemma 11].
Lemma 4. Assume Y = Susp(X, f, k1, . . . , km) is not rigid. Let d =
gcd(k1, . . . , km). Then Z = Susp(X, f, d) is not rigid.
Theorem 1. Fix m positive integers k1, . . . , km. Denote d =
gcd(k1, . . . , km).
1) If d = 1, then for every rigid variety X the variety Y =
Susp(X, f, k1, . . . , km) is also rigid.
2) If d > 1, then there exists such a rigid variety X that Y =
Susp(X, f, k1, . . . , km) is not rigid.
Proof. If d = 1, then Z = Susp(X, f, d) ∼= X . Hence Z is rigid. By
Lemma 4 Y is also rigid.
Let d > 1. By Proposition 1 there exists a rigid variety X such
that Z = Susp(X, f, d) is not rigid. Moreover Z = {yd − f} ⊂
K × X and from the proof of Proposition 1 there is a locally nilpo-
tent derivation ∂ of K[Z] such that ∂(y) = 0. If we consider
7Y = Susp(X, f, k1, . . . , km) = Susp(Z, y,
k1
d
, . . . , km
d
), then ∂ induces
a nonzero LND of K[Y ]. 
Let Y = Susp(X, f, k1, . . . , km). Then there is a natural action of
m − 1-dimensional torus on it. If Y = {yk11 . . . y
km
m − f} ⊂ K
m × X ,
then
(t1, . . . , tm−1) · (y1, . . . , ym) =
= (t
km
d
1 y1, t
km
d
2 y2, . . . , t
km
d
m−1ym−1, t
−
k1
d
1 . . . t
−
km−1
d
m−1 ym).
The action of the torus on elements of K[X ] is trivial. We obtain a
subtorus T ∼= (K×)m−1 ⊂ Aut(Y ).
Theorem 2. Let X be a rigid variety. Suppose k1, . . . , km are positive
integers with gcd(k1, . . . , km) = 1. Let Y = Susp(X, f, k1, . . . , km).
Then there exist the following homomorphisms:
ϕ : Aut(Y )→ Sr, for some r;
τ : Kerϕ→ T×K×;
and Ker τ is isomorphic to a subgroup of Aut(X).
Proof. By Theorem 1 Y is rigid. Hence, by [1, Theorem 1] there exists
only one maximal torus in Aut(Y ). This unique maximal torus we
denote by T. We have T ⊂ T. Each yi is a T-semi-invariat. Let χi be
the T-weight of yi. It is easy to see that dimK[Y ]χi = 1. Since T is a
commutative group, yi is a T-semi-invariant of some weight χi. Let M
be the group of characters of T.
Definition 7. We call an irreducible semi-invariant f of weight ω iso-
lated if there exists such linear function α on MQ = M ⊗Z Q that
α(ω) > 0 and if α(ω′) > 0 for the weight ω′ of some irreducible semi-
invariant h, then h = λf .
It is easy to see that every yi is an isolated irreducible T-semi-
invariant.
Lemma 5. There exists only finite number classes of associating of
isolated irreducible T-semi-invariants.
Proof. The algebra K[Y ] is finitely generated. Hence, there exists a
finite system S of T-semi-invariants generating K[Y ]. But for each
isolated irreducible T-semi-invariant f and for some λ we have λf ∈
S. 
Suppose we have r classes of associating of isolated irreducible T-
semi-invariants in K[Y ]. Then each automorphism of Y permutes these
classes. So we have a homomorphism ϕ : Aut(Y )→ Sr.
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Every automorphism from Kerϕ multiply each isolated irreducible
T-semi-invariant by a constant. Considering the images of y1, . . . , ym
we obtain a homomorphism τ : Kerϕ→ T×K×. The homomorphism
τ takes an automorphism to an element of the torus having the same
images of yi for all i.
Since T is contained in Im τ , elements of Ker τ acts on K[Y ]T ∼=
K[X ]. If we have two elements of Ker τ such that their actions on
K[Y ]T coincide, then actions of these elements coincide on K[Y ]T and
on y1, . . . , ym. But these functions generate all K[Y ]. Therefore, these
elements of Ker τ coincide. That is we have an embedding Ker τ →֒
Aut(X). 
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